Pion-nucleus scattering cross sections are calculated by solving a Schrödinger equation reduced from the Klein-Gordon equation. Local potentials are assumed, and phenomenological potential parameters are searched energy-dependently for π − + 12 C system so as to reproduce not only elastic differential cross sections but also total elastic, reaction and total cross sections at 13 pion incident energies from 120 to 766 MeV. The real and imaginary parts of the local potentials thus obtained are shown to satisfy the dispersion relation. The imaginary part of the potentials as a function of the pion energy is found to peak near the ∆(1232)-resonance energy. The strong absorption radius of the pion projectile with incident energies near the ∆-resonance region is found to be about 1.6A
Introduction
For the last two decades, pion-nucleus elastic scattering has been studied by a number of people using a variety of theoretical methods, some of which are given in Refs. [1 − 16] .
The aim of most theoretical works is to understand the pion-nucleus scattering and thereby the nuclear structure in the framework of the multiple scattering theory by using elementary pion-nucleon scattering amplitudes obtained from the pion-nucleon scattering data. Normally, the Klein-Gordon equation is solved either in coordinate space [3, 4] or in momentum space [5, 6] with various forms of elementary t-matrices including nuclear structure effects [1 − 12] . There are also works using approaches other than directly solving the Klein-Gordon equation, such as the ∆-isobar model [13, 14, 15] taking into account production and propagation of the ∆-isobar in nuclei. Though numerous works, essentially solving the Klein-Gordon equation in different ways, have revealed much of pion-nucleus dynamics, the understanding of the pion-nucleus scattering is still not quite satisfactory.
On the other hand, when one tries to do a quantitative calculation of cross sections for a reaction involving pions, such as (π,π ′ ) or (π,K), by using the distorted wave Born approximation (DWBA) or the distorted wave impulse approximation (DWIA), it is essential to have the pion distorted wave functions. Even if the accurate pion distorted wave functions may not be achieved, it would be convenient to have a way of treating the distortion effects in a simple manner. The present study was motivated by such a need of the distorted wave functions that could reproduce the pion scattering data by all means so that the distortion effects could be treated.
The optical potentials normally used in the Klein-Gordon equation for the pionnucleus scattering are known to be nonlocal, particularly in the ∆-resonance region due to the P -wave nature of the resonance. However, it would be not only easier to visualize but also interesting if one can localize the nonlocal potential and look at the dynamics of the scattering from a different point of view. Recently, Satchler [16] showed a method of reducing the Klein-Gordon equation into the form of a Schrödinger equation by redefining some kinematical quantities. He then reproduced not only elastic but also inelastic differential cross sections of the pion near the ∆(1232)-resonance energy for various target nuclei ranging from 40 Ca to 208 Pb by using local potentials of the Woods-Saxon form.
In Section 2 we follow Satchler, reduce the Klein-Gordon equation to a Schrödinger equation, and search for phenomenological local optical potentials which can reproduce the scattering data.
We choose the system of π − + 12 C, because for this system many experimental data are available in a wide range of energies, 120 -766 MeV [17, 18, 19] and we are interested in examining the energy-dependency of the pion-nucleus local potentials. We employ the Woods-Saxon form of the local potential [16] and search for the potential parameters to fit the experimental data. The real and imaginary parts of the resulting local potentials are found to be consistent with the dispersion relation. The energy-dependency of the phenomenological local potential shows that the imaginary part of the potential peaks near the ∆-resonance energy, and it can be explained by the decay of the ∆'s in the nuclear medium, which is manifested as absorption of the pion projectile in the scattering.
We then compare in Section 3 our phenomenological local potential with the local potential exactly phase-shift equivalent to the Kisslinger potential obtained by using the Krell-Ericson transformation method [20] , which has been used for instance by Parija [21] and recently by Johnson and Satchler [22] . Section 4 summarizes the paper.
Phenomenological Local Potentials

The Model
In most works dealing with solving the Klein-Gordon equation, a so-called truncated Klein-Gordon equation is used, which means terms quadratic in the potentials are neglected compared to the pion energy. Then one gets
where φ is the distorted wave function for the relative motion between the pion and the target nucleus, V C and V N are the Coulomb and the nuclear potentials, respectively, and k is the relativistic center-of-mass momentum of the pion. In regarding Eq. (1) as the equation for the scattering between the pion and the target nucleus, Stricker, McManus and Carr [4] defined ω by
where m T is the target mass given by the target mass number multiplied by the atomic mass unit and M π is the total energy of the pion in the pion-nucleus center-of-mass system. Satchler then introduced a reduced mass µ defined by µ = ω/c 2 and put Eq. (1) into the form of a Schrödinger equation
for the scattering of two masses, M π and m T with a center-of-mass kinetic energy
(The incident pion bombarding energy was modified so that a standard nonrelativistic optical model computer program could be used [16] .) In what follows, we use this method of solving Eq. (3) with phenomenological Woods-Saxon local potentials.
Results for Phenomenological Local Potentials
The Woods-Saxon form of V N in Eq. (3) can be written as
with
where r i and a i are radius and diffuseness parameters, respectively, and A is the target mass number. The Coulomb potential V C is given in a simple form obtained from a uniform charge distribution of radius R C = 1.2A 1/3 fm. There are 6 adjustable parameters in Eq. (4). We fixed them by using a χ 2 -fitting method. The χ 2 , written explicitly as
is evaluated at each energy, and the potential parameters are adjusted so as to minimize the χ 2 . In Eq. (5) Since experimental total elastic (σ E ), reaction (σ R ) and total (σ T ) cross sections were also available at all energies except for 400 and 500 MeV, we used not only differential cross sections but also σ E , σ R and σ T as the data, σ i ex , to be fitted.
In searching for the parameters we first kept the radius parameters, r i , as 0.9 or 1.0 fm and the diffuseness parameters, a i , as 0.4 or 0.5 fm. When we could not get good fits to the data with these fixed parameters, we let them vary. We tried to find both repulsive and attractive potentials at all energies. It was possible to find attractive potentials at all energies considered here, but repulsive potentials were obtained only at 230, 260 and 280
MeV, which are just above the ∆-resonance energy. Satchler also obtained a repulsive Woods-Saxon potential for π ± + 208 Pb at 291 MeV, whereas at other (lower) energies he found attractive potentials [16] . At these 3 energies the cross sections calculated with attractive potentials were indistinguishable from the ones calculated with repulsive potentials. However, one may normally expect a repulsive potential above the resonance.
Also, the dispersion relation calculations to be discussed in the next subsection prefer repulsive real potentials just above the ∆-resonance energy. Thus, we shall henceforth include in our discussion only repulsive potentials at 230, 260 and 280 MeV. (At energies higher than the ∆-resonance there exist several N * resonances, but these resonances are not so pronounced as the ∆, and they overlap with each other due to broad widths.
Indeed, at other energies we could not find repulsive potentials.)
There is a well-known ambiguity in determining the optical potential parameters [16, 23, 24] . Due to the strong absorption taking place in the nuclear surface region, different potentials can often fit the scattering data equally well as long as they have similar values near the surface region. Actually, we found that when we used only the elastic differential cross sections as the data to be fitted, the extracted potential parameters could not always reproduce the experimental total elastic (σ E ), reaction (σ R ) and total (σ T ) cross sections.
However, when we included in the fitting σ E , σ R and σ T as the data to be reproduced in addition to the differential cross section, the resulting potential parameters reproduced all the cross sections quite well as shown in Figs. 1 and 2. (In Figs. 1 and 2 , the experimental data for the pion kinetic energies, E = 120 -280 MeV and E = 486, 584, 663 and 766 MeV are taken from Refs. [17] and [18] , respectively. Recently, differential elastic cross section data at E = 400 and 500 MeV became available from Ref. [19] .) The searched parameters and the χ 2 -values for each energy are listed in Table 1 . The fits to the experimental cross sections are in general very good. But there is some discrepancy in the differential cross sections at low bombarding energies, particularly at E = 150 MeV.
At this energy the second minimum of the differential cross section was not reproduced correctly, and the third maximum was underestimated. When we tried to reproduce the data at larger angles by further adjusting the potential parameters, it was possible to fit the larger angle data, but then the first minimum was not reproduced at the right angle. This may be due to that we have used the Woods-Saxon potentials whereas more realistic potentials such as local potentials phase-shift equivalent to Kisslinger potentials [20, 21, 22] look considerably different from the Woods-Saxon form, particularly inside the nucleus, as will be shown in Section 3. However, we also note that similar discrepancies between the calculated and the experimental cross sections at E = 150 MeV can be seen from Refs. [15] and [25] , in which the ∆-isobar model and the Kisslinger potential are used, respectively.
Dispersion Relation and Discussion
Because the extracted potentials have an ambiguity as mentioned above, it is worthwhile to check whether they satisfy the dispersion relation, which is known to be satisfied by the 6 real and imaginary parts of the optical potentials [24] . Also, since the relativistic KleinGordon equation, normally solved with nonlocal potentials, is reduced to a nonrelativistic Schrödinger equation, it would be interesting to see whether the phenomenological local potentials are consistent with the dispersion relation. The relation is often written in the form of a so-called subtracted dispersion relation as
where P stands for the principal value and E ′ is the energy where V (E = E ′ , r) is known [26, 27, 28] . This equation tells us that once the imaginary part of the potential at a certain radius is known as a function of the energy the real part can be calculated from the relation. Thus, we inserted the imaginary potentials extracted from the χ 2 -fitting into the W (E, r) of Eq. (6), computed the real potential using the relation, and compared the results with the real potentials extracted from the χ 2 -fitting. In so doing, since the potential values in the nuclear surface region are most significant in determining the cross section, we first evaluate a strong absorption radius(R S ) [16, 24] defined as the apsidal distance on the Rutherford trajectory corresponding to the angular momentum
where L 1/2 is the angular momentum for which the S-matrix element has the magnitude
Here, we used non-integer L 1/2 values at which |S L | = 1/2, following Ref.
[16]. The L 1/2 values thus obtained are listed in Table 1 . The strong absorption radius parameter (r S = R S /A 1/3 ) computed from these L 1/2 values are also listed in Table 1 and plotted in Fig. 3 (a) as a function of the pion energy. The r S becomes as large as 1.6 fm near the ∆-resonance region and about 1.1 fm at E ≈ 400 − 500 MeV. Note that
Satchler's strong absorption radius parameters were also roughly around 1.5 fm near the ∆-resonance energy [16] . To compare the values of the real and imaginary parts of the potentials at a certain radius, we took r = 1.5A 1/3 fm in Eq. (6), which is close to a strong absorption radius near the ∆-resonance energy.
In Fig. 4 is plotted by the solid circles the extracted real and imaginary parts of the potentials evaluated at r = 1.5A 1/3 fm as a function of the energy. We could roughly fit the solid circles in Fig. 4(b) by the sum of a Gaussian function and a constant of the form
where W 0 , E 0 , ∆E, and W 1 were found to be -13.9, 220, 110, and -3.34 MeV, respectively.
The W (E, r) in Eq. (7) with these parameters is plotted by the curve in Fig. 4(b) . We then inserted Eq. (7) into Eq. (6), chose the value of E ′ in Eq. (6) as 500 MeV, carried out the integral over the energy, and obtained the real part, V (E, r). The resulting V (E, r) is plotted by the curve in Fig. 4(a) , which roughly fits the extracted real potentials (the solid circles). As mentioned earlier, at 230, 260 and 280 MeV both attractive and repulsive potentials could fit the cross section data equally well. But the V (E, r) calculated from the dispersion relation (the full curve) prefers repulsive potentials at these energies.
The dispersion relation is applied at other radii also from 1.3A 1/3 to 2.0A 1/3 fm. In this radial region the extracted imaginary potentials can be fitted by Eq. Here, we note that although we reproduce the cross sections quite well as shown in
Figs. 1 and 2 and the extracted local potentials in the outer surface region are reasonably consistent with the dispersion relation, it still does not necessarily mean that the extracted potentials are the unique ones which can describe the data. Particularly the inner part of the potentials can be quite different, as will be seen in Section 3, because this method cannot well determine the potentials inside the nucleus due to the absorption in 8 the nuclear surface region in addition to the fact that we have assumed the Woods-Saxon form of the local potential.
However, an interesting feature obtained from the results is the broad peak in the imaginary potential as seen in Fig. 4(b) . For 1.3A 1/3 fm < r < 2.0A 1/3 fm, the peaks are located at E = E 0 ≈ 205 MeV on the average, which is near the ∆-resonance energy, and the ∆E of the peaks is about 110 MeV. The ∆'s produced in nuclei can get absorbed via processes such as quasi-free decay or spreading [13, 14, 29, 30] . Such an absorption is reflected in the flux of the incident pion as the imaginary part of the local potential peaked at about E = E 0 . The region where the ∆ decays in nuclei through the quasi-free channel and the spreading was studied [30] . It was shown that the quasi-free decay takes place at r ≥ 1.6A 1/3 fm and the spreading at r ≥ 0.9A 1/3 fm. Since the quasi-free decay is the dominant decay process over the spreading by a factor of roughly 2 [29, 30] , the strong absorption radius near the ∆-resonance energy is mainly determined by the region where the quasi-free decay takes place, which is as large as about 1.6A 1/3 fm. Fig. 3(a) and Table 1 show just that the extracted strong absorption radius parameters near the ∆-resonance are about 1.6 fm, consistent with the results of Ref. [30] . Here, we also remark that 1.59 times πR 2 S roughly reproduces the total cross section as plotted by the crosses in Fig. 3(b) , i.e., σ T ≈ 1.59πR 2 S , where R S = r S A 1/3 with r S being the strong absorption radius parameter plotted by the squares in Fig. 3 (a).
Comparison with Local Potentials Equivalent to Kisslinger potential
In this Section we briefly describe the Krell-Ericson transformation method [20] closely following Johnson and Satchler [22] , where it was extensively applied to both π + and π − scattered from various target nuclei at pion energies from 20 to 291 MeV. A detailed study of the resulting equivalent local potentials can be found there.
We return to the truncated Klein-Gordon equation in Eq. (1). ω is now taken as the total energy of the pion in the pion-nucleus center-of-mass system. These slightly different definitions of ω do not make any significant difference in the values of ω because the mass of the pion is very small compared to that of target nuclei. For the nuclear potential V N in Eq. (1) the Kisslinger form [7] of the potential has been frequently used, which can be written as
where the first term q(r) is mainly due to the pion-nucleon S-wave interaction and the second term comes from the P -wave part.
By rewriting the pion distorted wave function φ(r) in Eq. (1) as
with the Perey factor P (r) = [1 − α(r)] −1/2 , one can get a Schrödinger equation for ψ(r),
where µ = ω/c 2 and E c.m. = (hk) 2 /2µ. Here, U L is a local potential dependent only on r as follows:
,
Thus if q(r) and α(r) are given, the local potential U L , exactly phase-shift equivalent to the Kisslinger potential, can be calculated. The expressions and parameters for q(r) and α(r) for the system of π − + 12 C at 7 energies from 120 to 280 MeV are available from the work of Sternheim and Auerbach [25] , where simple forms of q(r) and α(r) are used: Table I of Ref. [25] . The same parameter sets were used by Di Marzio and Amos to calculate approximate analytic pion distorted wave functions [31] . We took the 12 C density from
Ref. [31] , which is consistent with Ref. [32] .
The real and imaginary parts of U L calculated with these parameters are plotted by the full curves in Figs [21] and [22] , but the wiggles disappear as the energy increases. The reason for the gradual disappearance of the wiggles at higher energies can be easily seen, when the Kisslinger potential is expressed in a simple form as in Refs. [25] and [31] .
In Fig. 6 , each term of U L is plotted for two different pion energies; one below the ∆-resonance, the other above the resonance. The real and imaginary parts are plotted by the full and broken curves, respectively. It is easily seen that U 2 and U 3 are the terms that characterize the shape of the summed local potential U L . U 2 determines the overall shape of U L for both below and above the resonance, and U 3 brings in more fluctuations, particularly below the resonance. As the energy increases the wiggles in all terms of U L become less prominent. Such gradual disappearance of oscillatory behaviours of the real potential at higher energies was already observed in a model-independent FourierBessel analysis of the pion potential by Friedman [33] , who extracted the real potential by assuming the Woods-Saxon form for the imaginary potential. The same tendency of disappearance of wiggles at higher energies can be also seen from the figures in Refs. [21] and [22] .
We can also see that the wiggles do not appear in the outer nuclear surface region, where the scattering is most sensitive to the potential. Thus, as the energy increases, the equivalent local potentials at large radii become more or less close to the form of a WoodsSaxon potential. In Fig. 5 we plotted by the broken curves the phenomenological Woods- [22], while they produce similar scattering cross sections, because the scattering is most sensitive to the potential at large radii.) As pointed out earlier, we can see from Fig. 4(a) that the real potentials at 1.3A 1/3 fm < r < 2. DWIA calculations with a relatively good accuracy as in Ref. [16] . It is well known that for high energy beams the distortion effects can be often treated by an eikonal approximation with so-called a distortion factor or an attenuation factor. Indeed, Table 1 shows that at higher energies the real part of the phenomenological local potential becomes much smaller than the imaginary part.
Very recently this approach to the treatment of the distortion effects has been applied to the 12 C(π + , K + )
12
Λ C reaction, and the distorted wave functions of π + and K + calculated in this method have been successfully used in reproducing the hypernuclear production cross sections in DWIA [34] . Even if the distorted wave functions calculated in this way may not be accurate especially inside the nucleus, this simple method seems quite useful in dealing with the distortion effects in view of the fact that most of the cross sections are well reproduced. Table 1 : The π − + 12 C phenomenological local optical potential parameters obtained from the χ 2 -fitting. The parameters are fixed such that they can reproduce not only differential elastic cross sections but also total elastic (σ E ), reaction (σ R ) and total (σ T ) cross sections at all energies except for 400 and 500 MeV, where only differential cross sections are available. The radius and/or diffuseness parameters fixed during the search are underlined. The extracted L 1/2 and strong absorption radius parameters are also listed at each energy. In computing the χ 2 -values for E = 486, 584, 663 and 766 MeV, only the systematic errors of the experimental differential cross sections were taken for ∆σ [18] . For E = 400 and 500 MeV we used the data from Ref. [19] . Figure 2 : The calculated total elastic(σ E ), reaction(σ R ) and total(σ T ) cross sections denoted by the crosses are compared with the experimental cross sections for π − + 12 C. The data are from Refs. [17] and [18] . 
